Unidirectional and di usive coupling of identical n-double scroll cells in a one-dimensional cellular neural network is studied. Weak coupling between the cells leads to hyperchaos, with n-double scroll hypercube attractors observed in the common state subspace of the cells. Individually the cells remain behaving as n-double scrolls. The n-double scroll hypercubes are lled with multiple scrolls. Their birth goes through the mechanism of intermittency.
Introduction
Among the many generalizations proposed to Chua's circuit (see e.g. Chua 1994 ], Madan 1993] ), the one introduced by Suykens & Vandewalle 1993] considers additional breakpoints in the nonlinear characteristic in order to generate multiple scrolls, resulting into so-called n-double scrolls attractors, where n is a natural number. The well-known double scroll corresponds to a 1-double scroll within this framework. An electrical circuit implementation has been made by Arena et al. 1996 ] which con rms the existence of n-double scrolls. Moreover this implementation makes use of a piecewise linear representation of the nonlinear characteristic.
On the other hand many interesting phenomena have been observed by taking Chua's circuits as cells in Cellular Neural Networks (CNNs) (see e.g. Chua & Roska 1993] , , with e.g. unidirectional or di usive coupling between the cells. One-dimensional CNNs with di usive coupling have been investigated e.g. in Zheleznyak & Chua 1994 ], Pivka 1995] and Nekorkin & Chua 1993] with phenomena occurring such as spatiotemporal chaos, spatial disorder and traveling waves. In two-dimensional CNNs phenomena such as traveling waves, spiral waves, trigger and target waves and Turing patterns have been observed P erez- Muñuzuri et al., 1993 ] Pivka, 1995 ] Chua & Gora s, 1995 . Scroll waves and scroll rings can be generated in three-dimensional CNNs with di usive coupling Pivka et al., 1995] . Unidirectional coupling in one-dimensional CNNs has been studied in and .
In the latter work of Kapitaniak & Chua, hyperchaotic behaviour has been generated by coupling identical Chua's circuits that individually behave as double scrolls. In the common state subspace of the cells the birth of a so-called double-double scroll attractor has been observed. The work reported in our paper is very much related to this result. Taking a 1D-CNN consisting of n-double scroll cells with weak unidirectional or di usive coupling between the cells, an n-double scroll hypercube is obtained in the common state subspace of the cells. The dimension of this hypercube is equal to the number of cells in the array. The number of scrolls within the hypercube increases with the number n of the n-double scroll cell. For the arrays that have been simulated, the number of positive Lyapunov exponents is equal to the number of cells, which has been stated also in . The birth of the double-double scroll attractor in goes by means of classical intermittency, with occasional bursts from a three-dimensional manifold to higher dimensions. A similar mechanism is at the basis of the birth of the n-double scroll hypercube.
An engineering motivation for studying higher dimensional hyperchaotic arrays is e.g. in their use for secure communication applications (see e.g. Wu & Chua 1994] ). CNNs consisting of n-double scroll circuits can be represented as Lur'e systems for which a condition of master-slave synchronization is given in Suykens & Vandewalle 1996] . The latter condition is based on a Lur'e-Postnikov Lyapunov function for the error system and is expressed as a matrix inequality. This paper is organized as follows. In Sec. 2 we review the equations of n-double scroll circuits. In Sec. 3 1-D CNNs with unidirectional and di usive coupling of n-double scroll cells are described. In Sec. 4 the existence of n-double scroll hypercubes for weak coupling is reported. In Sec. 5 the route from synchronization to hypercubes is discussed.
n-Double Scroll Circuits
The electrical circuit for obtaining n-double scrolls, according to the implementation of Arena et al. 1996] The scheme Eq. (3) with unidirectional coupling has been studied by for the case n = 1 with Chua's circuits as cells. The other schemes of 1-D reaction-di usion CNNs has been described e.g. in Chua et al. 1995 For the case n = 3 with 3-double scroll cells in the CNNs (Eqs. (3)- (4)), similar phenomena occur. 3-Double scroll squares, cubes and hypercubes, obtained for L = 2; 3; 4 respectively are shown on Figs. 6-7 . The larger the number of n the more scrolls the L-dimensional hypercube contains. The same initial states were chosen as for the corresponding n = 2 cases.
For the simulation results of weak coupling, described in this Sec., the number of positive Lyapunov exponents is equal to the number of cells, which means hyperchaos is obtained for L 2. This con rms the conjecture on the number of positive Lyapunov exponents made in . The estimated Lyapunov exponents are shown on Table 1 . The algorithm with Gram-Schmidt orthonormalization described in Parker & Chua 1989 ] has been implemented in Matlab with joint simulation of the system equation and its variational equation using a Runge-Kutta integration rule (ode23 in Matlab). The variational equations were analytically derived from Eq. (1). A Matlab to C compiler (mcc in Matlab) has been used. All simulations were done on a SUN Ultra1-140 workstation.
The estimated values of the negative Lyapunov exponents much depend on the choice of the time horizon T on which the system and its variational equation are simulated. Choosing a larger T (but still making sure that no over ow occurs in the variational equation) results in a larger estimate for the Lyapunov dimension of the system. Indeed, according to Kaplan 
Route from Synchronization to the Hypercube
For the case n = 2 and 2 cells with unidirectional coupling one obtains synchronization for K < ?1:3 and instability for K > 0:38. The route from synchronization to the hypercube goes through intermittency with occasional bursts to higher dimensions, as shown on Fig. 8 for the case of di usive coupling with 3 cells. This phenomenon has been reported in as well. For the case of di usive coupling and 3 cells, the array synchronizes approximately for D y > 0:1. For D y = 0:1 and D y = 0:09 the system behaves 'close' to synchronization, with the formation of additional scrolls in the common cell-space, but the array is not able to develop the full hypercube. For the simulations, the same initial states were taken as in the previous Sec.
Conclusion
In this paper the new phenomenon of n-double scroll hypercubes has been described, which occurs in weak unidirectional or di usive coupling of n-double scroll cells in one-dimensional CNNs. The dimension of the hypercube is equal to the number of cells in the array. The hypercube is lled with a number of multiple scrolls that increases with the number of n. For weak coupling the individual cells remain behaving as n-double scrolls, while the hypercube is formed in the common cell-space. For the simulations that have been done, the array behaves hyper-chaotically with a number of positive Lyapunov exponents equal to the number of cells. The route from synchronization to the hypercube in the array goes by means of intermittency, as earlier described by Kapitaniak & Chua for unidirectional coupling of Chua's circuits in 1-D CNNs. Potential applications of the n-double scroll hypercube CNN are in the use of high-dimensional chaos for secure communication applications and arti cial neural information processing systems. (4) ). Fig. 4 . While the 2-double scroll circuits reveal in their common cell state subspace a 4-dimensional 2-double scroll hypercube (Fig. 3) , the individual cells remain behaving as 2-double scrolls. On this Fig. this is illustrated for two of the four cells (cell 1 and 3). Caption of Table   Table 1 . In this Table estimations Table 1 .
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